Introduction {#Sec1}
============

Colombeau algebras, as introduced by Colombeau \[[@CR1], [@CR2]\], today represent the most widely studied approach to embedding the space of Schwartz distributions into an algebra of generalized functions such that the product of smooth functions as well as partial derivatives of distributions are preserved. These algebras have found numerous applications in situations involving singular objects, differentiation and nonlinear operations (see, e.g., \[[@CR9], [@CR12], [@CR15]\]).

All constructions of Colombeau algebras so far incorporate certain *asymptotic estimates* for the definition of the spaces of moderate and negligible functions, the quotient of which constitutes the algebra. There is a certain degree of freedom in the asymptotic scale employed for these estimates; while commonly a polynomial scale is used, generalizations in several directions are possible. For an overview we refer to works on asymptotic scales \[[@CR3], [@CR7]\], $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathcal {C}, \mathcal {E}, \mathcal {P})$$\end{document}$-algebras \[[@CR5]\], sequence spaces with exponent weights \[[@CR6]\] and asymptotic gauges \[[@CR8]\].

In this article we will present an algebra of generalized functions which instead of asymptotic estimates employs only topological estimates on certain spaces of kernels for its definition. This is a direct generalization of the usual seminorm estimates valid for distributions.

We will first develop the most general setting in the local scalar case, namely that of diffeomorphism invariant full Colombeau algebras. We will then derive a simpler variant, similar to Colombeau's elementary algebra. Finally, we give canonical mappings into the most important Colombeau algebras, which points to a certain universality of the construction offered here.
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Our notion of smooth functions between arbitrary locally convex spaces is that of convenient calculus \[[@CR11]\]. In particular, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {B}(\Omega )$$\end{document}$:

Definition 3 {#FPar3}
------------
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                \begin{document}$$\begin{aligned} (\iota u)(\vec \varphi )(x)&\mathrel {\mathop :}=\langle u, \vec \varphi (x) \rangle \qquad (u \in \mathcal {D}'(\Omega )) \\ (\sigma f)(\vec \varphi )(x)&\mathrel {\mathop :}=f(x) \qquad (f \in C^\infty (\Omega )) \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {B}(\Omega )$$\end{document}$ then are defined as follows:

Definition 4 {#FPar4}
------------
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                \begin{document}$$\begin{aligned} ({\widetilde{\mathrm {D}}}_X R)(\vec \varphi )&\mathrel {\mathop :}=\mathrm {D}_X ( R_U ( \vec \varphi )) \\ ({\widehat{\mathrm {D}}}_X R)(\vec \varphi )&\mathrel {\mathop :}=- {{\mathrm{d \!}}}R_U ( \vec \varphi ) (\mathrm {D}^{\mathrm {SK}}_X \vec \varphi ) + \mathrm {D}_X ( R_U ( \vec \varphi )) \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {D}^{\mathrm {SK}}_X \vec \varphi&\mathrel {\mathop :}=\mathrm {D}_X \vec \varphi + \mathrm {D}_X^w \circ \vec \varphi . \end{aligned}$$\end{document}$$
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$$(\mathrm {D}_X \vec \varphi )(x)$$\end{document}$ is the directional derivative of $\documentclass[12pt]{minimal}
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                \begin{document}$$\vec \varphi (x)$$\end{document}$ considered as a differential form, given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {D}_X^\omega ( \vec \varphi (x)) = \mathrm {D}_X ( \vec \varphi (x)) + ({{\mathrm{Div}}}X)(x) \cdot \vec \varphi (x)$$\end{document}$.
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                \begin{document}$$\begin{aligned} {\widetilde{\mathrm {D}}}_x \circ \sigma = \sigma \circ {\widetilde{\mathrm {D}}}_X, \quad {\widehat{\mathrm {D}}}_X \circ \sigma = \sigma \circ {\widehat{\mathrm {D}}}_X, \quad {\widehat{\mathrm {D}}}_X \circ \iota = \iota \circ {\widehat{\mathrm {D}}}_X. \end{aligned}$$\end{document}$$While $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}$$\end{document}$-linear in *X*. We refer to \[[@CR13], [@CR14]\] for a discussion of the role of these derivatives in differential geometry.

Definition 5 {#FPar5}
------------
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                \begin{document}$$\begin{aligned} \mathcal {P}_k&\mathrel {\mathop :}=\mathbb {R}^+ [y_0, \ldots , y_k], \\ \mathcal {I}_k&\mathrel {\mathop :}=\{ \lambda \in \mathbb {R}^+ [y_0, \ldots , y_k, z_0, \ldots , z_k]\ |\ \lambda (y_0, \ldots , y_k, 0, \ldots , 0) = 0 \}. \end{aligned}$$\end{document}$$
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                \begin{document}$$\mathcal {P}_k$$\end{document}$ is a subsemiring of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}_{k+1}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^+ [y_0, \ldots , y_k, z_0, \ldots , z_k]$$\end{document}$. Given $\documentclass[12pt]{minimal}
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We can now formulate the following definitions of moderateness and negligibility, not involving any asymptotic estimates:

Definition 6 {#FPar6}
------------
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                \begin{document}$$\begin{aligned}&(\forall x \in \Omega )\ (\exists U \in \mathcal {U}_x(\Omega ))\ (\forall K,L \Subset U)\ (\forall m,k \in \mathbb {N}_0)\\&\quad (\exists c,l \in \mathbb {N}_0)\ (\exists \lambda \in \mathcal {P}_k) \ (\forall \vec \varphi _0,\ldots ,\vec \varphi _k \in C^\infty (U, \mathcal {D}_L(U))):\\&\quad || \mathrm {d}^k R(\vec \varphi _0)(\vec \varphi _1,\ldots ,\vec \varphi _k)||_{K, m} \le \lambda ( ||\vec \varphi _0||_{K,c; L, l}, \ldots , ||\vec \varphi _k||_{K,c; L, l}). \end{aligned}$$\end{document}$$The subset of all moderate elements of $\documentclass[12pt]{minimal}
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Definition 7 {#FPar7}
------------
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                \begin{document}$$\begin{aligned}&\displaystyle (\forall x \in \Omega )\ (\exists U \in \mathcal {U}_x(\Omega ))\ (\forall K,L \Subset U)\ (\forall m,k \in \mathbb {N}_0)\ (\exists c,l \in \mathbb {N}_0)\\&\displaystyle \quad (\exists \lambda \in \mathcal {I}_k)\ (\exists B \subseteq C^\infty (\Omega )\ \text {bounded})\ (\forall \vec \varphi _0, \ldots , \vec \varphi _k \in C^\infty (U, \mathcal {D}_L(U))):\\&\displaystyle \quad ||\mathrm {d}^kR(\vec \varphi _0)(\vec \varphi _1,\ldots ,\vec \varphi _k)||_{K, m} \\&\displaystyle \quad \le \lambda ( ||\vec \varphi _0||_{K,c; L, l}, \ldots , ||\vec \varphi _k||_{K,c; L, l}, || \vec \varphi _0 - \vec \delta ||_{K, c; B}, || \vec \varphi _1||_{K, c; B}, \ldots , || \vec \varphi _k||_{K, c; B}). \end{aligned}$$\end{document}$$The subset of all negligible elements of $\documentclass[12pt]{minimal}
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It is worthwile to discuss possible simplifications of these definitions, which at this stage should be considered more as a proof of concept than as the definite form they should have. First, we note that we cannot replace $\documentclass[12pt]{minimal}
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If the test of Definition [6](#FPar6){ref-type="sec"}, Definition [7](#FPar7){ref-type="sec"} or Definition [8](#FPar8){ref-type="sec"} holds on some *U* then clearly it also holds on any open subset of *U*. The following characterization of moderateness and negligiblity is obtained by applying polarization identities to the differentials of *R*:
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Note that the polarization identities could be applied also in the formulation of Proposition [8](#FPar8){ref-type="sec"}.
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Theorem 12 {#FPar16}
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We now come to the quotient algebra.
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An elementary version {#Sec4}
=====================

We will now give a variant of the construction of Sect. [3](#Sec3){ref-type="sec"} similar in spirit to Colombeau's elementary algebra \[[@CR2]\]: if we only consider derivatives along the coordinate lines of $\documentclass[12pt]{minimal}
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Note that this is almost the basic space used originally by Colombeau (see \[[@CR2], 1.2.1, p. 18\] or \[[@CR9], Definition 1.4.3, p. 59\]) but with $\documentclass[12pt]{minimal}
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In fact, with this definition we have , where as usually we set $\documentclass[12pt]{minimal}
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It is convenient to work with the following simplification of these definitions.

Proposition 20 {#FPar28}
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Proof {#FPar29}
-----
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The embeddings now take the following form.

Definition 21 {#FPar30}
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Definition 22 {#FPar31}
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Theorem 23 {#FPar32}
----------
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Proof {#FPar33}
-----
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Proposition 24 {#FPar34}
--------------
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Proof {#FPar35}
-----
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Proposition 25 {#FPar36}
--------------
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Proof {#FPar37}
-----
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Similarly to Proposition [11](#FPar14){ref-type="sec"} we have:

Proposition 26 {#FPar38}
--------------
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Theorem 27 {#FPar39}
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The proof is almost identical to that of Theorem [12](#FPar16){ref-type="sec"} and hence omitted.

Definition 28 {#FPar40}
-------------
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Canonical mappings {#Sec5}
==================

In this section we show that the algebra $\documentclass[12pt]{minimal}
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Definition 29 {#FPar41}
-------------
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This definition is meaningful: given $\documentclass[12pt]{minimal}
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The special algebra {#Sec6}
-------------------
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The elementary algebra {#Sec8}
----------------------
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